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A DIVISOR PROBLEM 
By F. V. ATKINSON (Ozford) 
[Received 17 June 1941] 


1. Ler us denote by d,(n) the number of ways of expressing m as 
the product of k factors. Then we have the asymptotic formula* 


=, tn) = xf,(logx)+A,(z), (1.1) 


where f,,(log x) is a polynomial of degree (k—1) in log, the residue 
of ¢*(s) 28-1/s at the pole s = 1, and 

A,(x) = O(x*), (1.2) 
for some a <1. Let us denote by a, the lower bound of numbers « 
such that (1.2) is true, for any given k. Then it is knownf that 


1 k-—1 
For k > 4 this is a better result than the earlier one of Landau,t 
k—1. 
k+1’ 


(1.3) 


ap < (1.4) 
the results are the same for k = 3, viz. a; < }, and Landau’s is the 
better one for k = 2, but in each case Landau’s method allows of 
improvement by the use of van der Corput’s method. The improve- 
ment is, however, very small and, for larger values of k, Hardy and 
Littlewood’s result is still the best. We prove here the following 


37 
THEOREM. ag < 9. 


This is slightly better than the result a, < {3, obtained by Walfisz§ 
by the Weyl-Hardy-Littlewood method. 


2. Since d,(n) = O(n*) for any fixed positive «, we may take x to 
be half an odd integer, without loss of generality. Then we have, 
by Perron’s formula, 


Asle)+5 = 35; | PONE ae (2.1) 
Cc 


* Piltz (4). 

+ G. H. Hardy and J. E. Littlewood (2). 

t E. Landau (3). § A. Walfisz (7). 
3695.12 0 
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where C is the contour formed by the five lines joining the points 
1+8—ioo, 14+85—ix*, —8—ix*, —5+ix*, 14+6+ix%, 14+5+700, and 
5, « are fixed positive numbers to be chosen later, with } < a < §. 
Let the respective parts of the contour be denoted by Cj, C,, Cs, 
C,, C;. 


Now | £46) ds = > d,(n) 


1+8+i# 


n=1 : 
, 1+5+ix% 


(1+8+7)log(z/n) 


es ds _ O[at+5-n-1—8flog(a/n)}-]. 
8 


(1+8+ ix*)log(z/n) 


| 6) ds = O(ai+3-« > dx(n)n-*|log(x/n)|-*). 
Cs 


In this infinite sum we put 


S= 54+ 5+ E+E =—Ht Ht Yt 


n=1 N<4U s0<n<xr L<n<22 


In >)» {log(x/n)}-* = O(1), and hence 
Y, = Of Y dy(nyn4) = O(1), 


n<tx 
and similarly for >’. 


In 5, (lox) = o(-*,) d3(n) = O(25), (n-1-) = O(a-1-), and 


x—n 


hence l 


sm sare o( ea =a) = O(log x), 
se<n<@r 


since x is half an odd integer. Similarly for },. Hence 


| 0)= ds = O(x1+5-«log x), 
Cs 


and similarly for C;. 


[roze=| f + 


Now 
1+itx* 


1+8+ix* “ 
+ | Jow® ds. 


—8+ia ix 1+ix* 
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We apply here the following well-known order-results, 
O(#-*logt) (¢< 0), 
{(o+it) = { Of -*logt) (0<a< 1), 
O(log t) (o >1), 
these results holding uniformly in the given ranges of o. 
by (2.3), 
ix .) 
| £2(8) ds = of f gfi+80)a—o—a logy ia) 
—8+ix 0 ‘ 
= O(xt2+582-1 Jog2z) 
= O(x'*), since a < §. 
Next, by (2.4), 


1+iz* 


1 
(8) ds == o( | gial—o)+o-a logsy aa) = O(x!-*log*z). 
0 


Lastly, by (2.5), 
1+8+iax 1+6 
%(0)= ds = o( | x7-* logsx i = O(x1+5-«log@z), 
1+ia 1 


Hence | £%s)™ ds = O(21+5-«log*z), (2.6) 
8 - 
Cy 


and similarly for C,. 

Thus we have, by (2.1), (2.2), (2.6), 
—8+icr 

| {3(3) ds + O(x1+4-«log*z) 

8 
—$—ia 
1+8+ix* 

1 


= —. 8% | T'3(s)cos* $sm(82x)-8f3(s) A + O(a1+5-* Jog2z). 


] 
Qt 


A;(x) = 


Qari — 
1+8—iae (2.7) 
3. We have, by Stirling’s formula, 


= (3s—$)log s—3s-+-$ log 27+ O(s-1) 
= (3s—$)log(3s—2)—(3s—2)+-3 log 27—(3s—$)log 3+ O(s-") 
= log ['(3s—2)+ log 27—(3s—$)log 34+-O(s-). 
8 cos? 4s7 = 2 cos $sr{1-+- O(e-*''7)} 
= —2cos }(3s—2)m{1+ O(e-tsi7)}. 
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Hence 


3 
— cos* 487 = 4rv3I'(3s—2)3?-** cos{$(3s—2)a}{1+ O(s-})}. 
(3.1) 
Now, if s = 1+ 5+it, we have, again by Stirling’s formula, 
P(s) 


cos* ks = O(t%+4), 


and so, if we substitute (3.1) in (2.7), the error term in (3.1) will 
give us 


a 


oe | {35-4 ay = O(x«+58a-0) — O(z1+8-2), 


Hence, by (2.7) and (3.1), 
Ig 1+8+iz* 
A,(x) = | T'(3s—2)cos{}(3s—2)m}32-85(Sm8x)-*8(8) de + 
a7 


1+8—ia* 


+ O(21+5-«log2z). 
Changing the variable to 4s+% and using the Dirichlet series for 
f3(s), we have 
1+35+ ix 
A,(z) = = > Ae) = | T'(s)cos($sm){6m(na)#}-* ds + 


1+38—3ia 


+ O(ai+5-« log2x) 


= a = d,(n) .145—a o2 
=—5 2 oe nt Ol2 log2z). | (3.2) 


4. I shall now prove two lemmas. Let us denote 4x°*-1/73 by X. 


Lemma 1. Forn < X, 


nm 


I, = cos On(nz)+-Ol(na)-A{log >) } + O(et-¥+8n-+4), 
n 


and also 
= cos 62(nx)'+ O(a!*-*n-*), 
We have 
l i} bi x $—3ix® 1+38—3ix $+3ix it+io 


= oie ee | f - f }Pex 


$—iw t—io 4—3% 1+38+3ia $+3ia% 


n 


| x cos($s7){67(nx)*}-§ ds 
= A,—A,—A,—A,—A;, say. (4.1) 
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Now A, = cos6z(nx)*. To deal with the other terms we use Stirling’s 
formula. This gives 
I'(o+it) 
= (°-te-it |(27)exp il log t—t+ 4n(o—4)+ —— a ow} , 


Therefore 


A, = (na)-* | exp i{tlogt—t—tlog{6x(nz)!}+ sa} t+ OW) a 
38a 
multiplied by a constant. Now the term O(t-*) contributes 


O((nsx)-* | t-2 dt) = O(2-*-n-*), 
3a* 
If we write f(t) for the function inside the brackets { }, we have 
t 1 gt Xx 
"(t) = = hee we Be Sere 
fo 108 Ga(nz)k gage > 1B and 808 
for t > 3a%, n < X—1, and some fixed c, > 0. Also 
a l 
PO= + 198 > Ga’ 
for ¢ << 6x%. 
It follows from some well-known theorems on integrals* that 


fexp i{f@} dt = of(ioe*) 
“ca = O(z!*). 


Therefore 


4,= Of nay-*{log*) "| +O(e-*-In-+), (4.2) 


and also = O(x'*-*n-*)+ O(a-*-tn-), (4.3) 
and in each case the second error term may be neglected. Similarly 
for Ay. 
1+38 
Now A,= o| | xXo-D(nx)-%? ao| = O(xt*-in-1-), (4.4) 
i 


and similarly for As. 
Combining (4.2), (4.3), and (4.4) with (4.1) we get Lemma 1. 


* Cf. E. C. Titchmarsh (5), (6). 
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Lemma 2. Forn > X, 


»\-2 
I= Ofete-++4n-4-4(Iog 5] \, 


and also = O(x*-t+5n-4-), 
For 
1+35—i 1+35+i 1+35+3ic* 
fp + fr | |'yoos(don)[ ana] ds 
1+38—Sie™ 14+38-¢ 1438+% 
= B,+B,+B;, say. 

Now plainly B, = Of(nx)+-}, 

The discussion of B, is practically the same as that of A;, except 
that we have an extra factor ¢!+* in the integrand. Hence we obtain 


Tai 


—4488(a—),—4-8 n\~*) 
By = Ofzta-t+8%0-Dy-4 logy fF 


and also = O(x%-4+88a—-n-t-8), 
Similarly, we may prove the same inequalities for B,, and this com- 
pletes the proof of Lemma 2. 


5. Applying Lemmas 1 and 2 in (3.2), we have 


t = 
A,(x) = Ba — cos 62(na)'+ O(a1+°-* log2a) + 


anv3 
+at a 7? 0| min| (loss) al) +- 


fated S, daler) O(n) + 


atard Dae: } 0 min| (log z) al 


= pd 45(") 05 62r(nax)*+- O(a! +8-« log?x) + 
m7N3 it ni 
ds xX 
+ 3 Haoloet) 
n<X’-1 
+3 shemales) 


n>X’ = 


+O(ata+) + O(acl-20+5), 


where X’ denotes the integral part of X. 
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Thus 


4 
s(t) = > cos 6a(nz))+O(2*¥-alog*e) +, +5 
n<X 


say, remembering that } < a < 2. 
Put = =>* . 
" x we ys ee 2+ 2 
Then, in >", {log(X/n)}-* = O(1), and so 


>= O(a! > d,(n) n-) = O(x'“log*z). 
n<ge-l 


In >) (los) = (x=) d,(n) = O(2°), and so 


>= (zie > x= = O(xi*+ log 2). 
n<X’-1 


Hence >, = Olet*** log x) = O(x+4-* log x), 


and similarly for >.. 
Our final approximation to A,(z) is 


A,(x) = at cos 6(nx)!+ O(a1+8-*log2z), (5.1) 
<X 


m3 
where X denotes 2°* 1/8 $<a< #,andi>0. 
6. Let us write 


a, = a,(x) = cos 6x(nzx)!. 
Then 


2. d,(n)a, = > ”> tow 
=6y > > Ses > > %qr— 


‘par 
rc Xt g<v(X/r) p<X/ar r< Xt g<v(X/r) p<v(X/r) 


“32 2 2 Sart 2 LL Goer 


r< Xt g<Xt p<X/ar rc Xt q<Xt p<xt 
= 68,—38,—38,+38,, say. (6.2) 
We now apply Theorem III of Titchmarsh (5). This result gives, 
with f(n) = 3(nz)!, k = 3, 
eSri(nax)? _ O(atha*s +atia- 4), 

sacn<a 

Applying the same result to the ranges ja < n < fa; fa <n < ja, 
etc., and adding, we get 

DY ebriina* — O(attx>+atig-s), (6.3) 


naa 
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Hence, from (6.2) and (6.3), 
is . , (X\t 
(=) @=+(=)" arx)-4]} 
a qr qr 
r< xt Q<v(X/r) 


=O SD & [Xeer(qr) +X iiz-(qr)*]] 
r<Xt q<v(X/r) 
and similarly for the sums Sj, S;, S,. 


We have then, by (6.2), 
> dg(n)esrina _ O(Xtixt+ Xtg-s), 


NZ 


Taking the real part, and using partial summation, we get 


s, = o| 


x bs = cos 62(nx)* = O(X Harts + Xitel), 
n<X 
Hence, by (5.1), 
A,(x) = O(acthBa—-D+is 4 gia +84 g71+5—- Jog2r), 
Taking « = 38, the first and third terms on the right-hand side 
become both O(z?'+log’x), and the second term becomes of lower 
order than the other two. This gives 


A,(x) = O(x*'+ log2x), 
where 6 is as small as we please. This is equivalent to the original 


theorem. 
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HYPERGEOMETRIC SERIES AND ‘SET’ NUMBERS 


By F. H. JACKSON (Lastbourne) 
[Received 19 September 1941] 
1. Introduction 
Ir we have an infinite sequence of elements 


P1> Por P3s-++2 Prs-++s 
the set number (n) may be used to denote the sum of the elements 


Pit Pot Pst ---+Pn- 
It is remarkable that when the ‘set’ number (n) is used to replace 
the ordinary integer n, in hypergeometric series, many properties 
of the generalized series are identical with the corresponding pro- 
perties of the simple hypergeometric series. If, moreover, we form 
basic ‘set’ numbers [(n)] such that 
se 
(m=, 
we find a correspondence between certain fundamental properties of 


such basic ‘set’ series and the well-known basic (Heinean) hyper- 
geometric series. For example, using a notation 


(a, B3 y3A,X, Py, Poy.) = eS Ie Re 


in which 


[ole = [a][a+(1)][a-+(2)][a+(3)].--[a+(n—1)], 
(n) = Pyt+Pet---+Pn; 


and 
a _< [xl{2}, 
Flo Bivih®, PePo) = > Taniyly-+pek-ly- HF) UD) 


r=0 





we have (omitting for brevity a, B, A, x, p,,..-) 
¥(y) (g’-*—1)(qg”-8—1) 


Fiy+p) — (g’—1)g’-*-F—1)’ 
which is identical with the corresponding ratio for Heine’s series. It 
seems remarkable that the ratio for series having an infinite number 
of parameters should be identical with the ratio for series with only 
three parameters. Because of difference in the y-factors of the two 
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types of series, I term these series normal and abnormal respec- 
tively. 

A theorem due to M. J. M. Hill* relating to the sum of a finite 
number of terms of the series ,F',(«,8;y;1) similarly has an exact 
counterpart in the case of the general series involving set numbers. 
A q-analogue of Hill’s result was given by the present writer} some 
years ago. In this present paper the result for set numbers will be 
obtained. In the two papers to which reference is made the theorems 
were proved in a rather artificial way, involving prior knowledge of 
the form. In the analysis of the present paper the general theorem 
and its special case, given by Hill, arise naturally from the differential 
equation satisfied by the ‘set’ hypergeometric series. 

In connexion with these theorems I refer here to a papert ‘Forms 
of Maclaurin’s Theorem’ in which the numbers (n) replace the integer 
n, and the relation of such forms to certain g-products and series of 
Jacobi is shown. 


2. Notation 


We write 0, for the operative symbol p, x? is) 


so that 6,24) = p, am Ear = (n)a™, 


4 


Thus G5 Pay .+<4 Opy00e 
are equivalent operative symbols, and may be denoted by a common 
symbol 6 without distinguishing suffix. 

Moreover, ga = Fa") = (qa), 


as is obvious on replacing g® by an exponential series of operators. 


The operator [6] 
We write [6] = (¢?—1)/(¢—1), 


1 


..., 
so that [Aja = 7" y) = [(r) ja, 


q—1 
and [O+aja = [a+(r) Ja. 


M. J. M. Hill, Proc. London Math. Soc, (2) 5 (1907), 335-41. 
° ackson, Messenger of Math. 37 (1908), 123-6. 


Hd 
. H. Jackson, Proc. London Math. Soc. (2) 1 (1904), 351-5. 
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The operator A, 
We write A, = x6], 
so that A, a” = [(n)]a-»r, 


The operators A,, Ag,..., A,,... are non-equivalent. 


3. Generalization of Boole’s operational equation 
The operators A are related to the g’ operators by the equation 

xMA, Ay... A, = [0)[@—(1)]...[0—(n—1)], 

which is the generalization for set numbers of Boole’s equation 

aD” = 6(@—1)...(@—n+ 1). 

The proof of this is given as Lemma I in the Appendix at the end 

of this paper, so as to avoid too much preliminary analysis inter- 

fering with the general results. A simpler basic analogue of Boole’s 

equation was given by the writer some years ago.* When |q| > 1 and 

the elements are units the equation reduces to Boole’s operational 

equation. 


4. The q°-difference-equations for set hypergeometric series 

It is remarkable that the following wncouth equation 

AL a][B]+ Prge[B+ (1) ]je®+-AgL ae —[y]}A+ 

+ fra2iga+B+ms—qrarr}A, Aojy = f,(x)—fa(x) (1) 
can be reduced very easily to the simpler form 
e+ «0+ B]y—[O0+y—(1) ly = filz)—fol2) (2) 
by using Lemma I of the Appendix. This corresponds to the well- 
known transformation for ordinary hypergeometric series 
{x(0-+ «)(8+B)—0(6+y—I)}y = 0. 

Both forms of equation are needed in the analysis, the arguments 
of which can be readily followed by comparison with the analysis 
of the ordinary differential equation satisfied by hypergeometric 
series of the second order. There is a third equation satisfied by 
the series ¥: 


[axle sere —[0]\5 = fale)—fale). (3) 


It is of abnormal form and appears in Lemma III of the Appendix. 


* F. H. Jackson, Messenger of Math. 38 (1908), 57-61. 
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It is paradoxical that the normally formed series should satisfy the 
equation of abnormal form, while the abnormally formed series 
satisfy the equation of normal form. 


5. Analysis of equation (2) 


Substituting > A, A" +0 
0 


for y, we have 


¥ 04, [0+ (n)+0][B+(n)+0}e™— 

—A,|(n)+p]ly+(n)+p—pie™*?-} = fi()—fa(x). (4) 
The difference of the two infinite series cannot be made zero by 
choice of a suitable recurrence relation between the successive coeffi- 
cients, except in certain obvious special cases: namely, the ordinary 
hypergeometric and the Heinean series. The difference f,—f,, how- 
ever, vanishes when z is unity, provided that we choose as recurrence 
relation the following equation: 


AA,[a+(n)+p][B+(n)+p] = Anul(m+1)+e]ly+(m+1)+p—pi], 
and also choose p such as to satisfy 


A,[p+(n)]ly+ (n)+p—Piln=0 = 0. 
Thus we have p, = 0, pp = p,—y as principal roots. From the 
first of these we obtain 


[a][B] 
y=1+ AcO+ 
[Q)][7] 
(o]fa-+py] [a+ (m)[B]-[B-+(m)prrrxre og 
L(m+1)}! ylly+pellyt+p.t+Ps)---Ly+Pet---+Pns] 
This series is written at length to make clear the abnormality in the 
denominators. The y-factors omit the element 7,. 
The functional sign F is used to denote this series; the sign § is 
used for the normal series 


pS ae n akngn(y—a—B) (6) 
[2]! [y)n 

which arises naturally in the course of the analysis of the equations 
(1) and (2). 








a. 
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The preceding operations have, however, produced two series of 
abnormal form 


file) = afagiay r+ NE Pal aen 


ee [+ PilB+Ps) 0, 
fue) = — Mo ey 

differing in the indices of x, the indices of x in the general terms 
being respectively (n) and (n+ 1)—(1). 

In the A equation (1) the coefficient of the operator A, A, vanishes 
when x = 1 and A = q’-*-*-*1; also f,—f, vanishes when x = 1. 

Replacing [a] by (¢g*—1)/(q—1), with similar replacement for [8], 
[y], we obtain by elementary algebra 


(q—1)(q’-*-1+-qr-8-11—qr-*1— 1) 
F = AF) , 
(q*—1)(q?— 1) : z=1 
in which F = F(a, B;y;A, 2, p;...) and A = q”-*-F-*, 
From Lemma IT (Appendix) we have 


(7) 





qn 


(a, B; y—Py3A;X; py...) —F(a, B; 3A; 2; py...) = ——_,A, F(a), (9) 
[y—P,] 


1 
[y—pi] 
Notice that, in the F series of (10), gx appears on the left but not 
on the right side of the equation. 

Elimination of {A, F},<1 
between (8) and (9) produces, after elementary algebra, 

(a, Bs y—PrsA3 1) _ (gr —1)(gr-F—1) (11) 

F(a, B; 3A; 1) 
Elimination between (8) and (10) gives us 


(a, B; y—P13A; 1) at (q”-*-?1— 1)(qr-8-*:—1) (12) 


F(a,B3y,A3q)  (q?-™—1)(gr-*F—1)’ 
which again may be termed the abnormal and normal forms respec- 
tively. Replacing y—p, by y both in the factors of the series and 
in the solitary factor, we have 


(a, B3 yp—p13A; @; py...) —F(a, B; y3A; qa; p,...) = A, F(x). (10) 





(q7-—1 \(q7-*-?1-+ qv -B-P1— qr 1 — )" 





(a Bsy,6s 1) _ [y—ally—B) 7, — gy-a-fy. 13 
F(«,B;y+p,439)  [yl[y—a—B] es St _ 
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This ratio is identical with that for Heine’s series. Both (11) and 
(12) reduce to the same form when the p-elements are units, which 
is the case of Heine’s series. Also, when |g| > 1, the ratio (13) reduces 
to that for ordinary hypergeometric series. At this point it becomes 
manifest that theorem (13) cannot be used to obtain an analogue of 
the well-known expression for ,F',(«, 8; y; 1) in gamma functions: the 
difficulty arises because F(y+p,) ~ %(y+p,). If, however, some 
simple value of a ratio could be found for §(y)/F(y), then a great 
advance would be possible. 

So far I have not been able to find any simple expression for this 
ratio. 


In Lemma ITI of the appendix it is shown that 
F(y+p1,%) = (1—Q{S(y, x) + PB, 92) +9°"F(y, x) +...}- 


It is possible to write 





ay +(r)} =r {fy—a+(r)}{y—B+(r)} 
L leer (r-+1)} maT {y+ ()y—a— B+ (Ny 


but until some simple expression for the ratio ¥(y)/F(y) can be found, 
there will be no complete analogue of 


a, B: y= 50 I'(y—a—B) 





P(y—a)P'(y—B) 


I think it is unlikely, however, that any simple expression exists. 


6. Finite series 
If (x) = ¥ Ax, 
0 


and all the elements p,,,,, P,,49,--. are severally zero, then 
n 
= 2 A, 2+-{An sy tAnsot-. jam. (14) 


The indices of x do not increase after the (n-+-1)th term, and in 
hypergeometric series the coefficients A,,,,, A,.,... form a series 
in geometrical progression, since we have 

[a+(n)] = [a+(n+r)], 
for all positive integers r. 
If the series of coefficients A,,,,, A,,49,-.. form a convergent geo- 


metric series, we obtain 


g™ 
¢(x) = > 42 + AniazT—p (15) 
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in which R= AygislAnsi- 
We see at once that this gives us a natural method of approach to 


Hill’s and other analogous theorems. 
We use 


[«} [A], a\a —al[y— B} [«}{B], r/fr) 
> Abs” ~ Bia* 26h 0 

In this it is only necessary to make p,,,,, P,,+2,--. (ad inf.) severally 

zero; then, by means of the simple result (15) of the preceding section 

applied to both the series on the right and left sides of the above 

equation, a generalization of Hill’s theorem will follow after some 

elementary algebraic reduction. 

In fact we have at once from (16) 


[LB], > [x}n+lPlnea dnt 
> [rl!lyk* Tn]! [nylon IBA 


ee AD [eB pron _[ensafBIner A*Htg™ 
~ [ylly—a— BN Frye)” [nm]! [mfytial RAY’ 
(17) 








_ [a+(m)][B+( (n)|[B+ (n)] q’- -a-f 


—elyt+@)) 
_ +4474 qr-2 B_ gra) _ gr dass. 
(g”—1g*”—1) 
Writing S,, S, to represent the finite series, we have 
s,—ly—ally—B lg — [InsafPlnin X°* fe al[y—8]_ 1 
[yly—«—B] * — [n]![~]JQ—RA) \[ylly—«—B] [yt+eih [yh 
[o}n+iLBIn+1 [y—a][y—Ble i). (18) 
~ [nm]! [aly Ina ly—o—B]y+()] 
The expression in the brackets { } when multiplied out is 
Pie ig ee 
(= F_1@—1) 
The numerator is identical with that in the expression of 
1— RA; 
so by simple cancelling of factors we obtain 


;: Roe [y—a]ly—f al[y— B) y ae [a},+1 Bln 4A" 
1: [yl[y—o—B] 8, = [n]! [y]nvaly—a—B]’ 


1—RA = 
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in which A = g’-*-8. Which, when |q| > 1 and all elements are units 
from p, to p,, gives the principal result of Hill’s paper. When gq is 
retained, we have the basic generalization given in a former paper 
by the present writer. 


7. In conclusion it may be sufficient to note that, when a = —f, 
we have - 
agen aa )! (n+I)yzAn)_ 
—_q"*)! ( —qr+)! 


If the sequence of p be (1, 3, 5,...), the series becomes 


(1— 2g” cos 6+-q?"")! 


n+1)y>n* 
(l—q"*")! (1— qrewyt ad 


ae 


in which the integers » are ordinary numbers. 
It may be noted also that in the difference equations discussed 
in the preceding sections of the paper 


fi(x)—fo(x) 


reduces to a polynomiai when the sequence of elements terminates. 


8. Appendix 
Lemma I. Generalization of Boole’s operator equation. 
We have q'd(x) = (gz), 
_ F-1 4 _ $(gx)—9¢(a) 
A, ¢(x) = zg—1)?™) = = 2Pi(qQ— = s 
A tiny  ($@2)—8 (ax) $(gx)—$(2)) py 
ds Ay 9(2) i q?aP(q— 1) x(q 7—1) ie +xP2(q—1) 


_ $(g?x)—(1+-9")$(gx) +9") 
G?igPi+P2(g— 1)* 


> 








= Ne He 


ga(q—1)? 
é/@—(1) 
_(LP= A 0) 


Repetition, as simple algebra shows, gives 
aa 9_1)(4 —gPi —qPitP2 
A; A, A; $(x) = io = 7) gc 


[@][@— (1) |[@—(2)] 
= =a) p(x). 
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The general case follows easily by induction: 
xA,,! = [6]0—(1)[@—(2)]...[0—(n—1)]}. (20) 
Lemma IT. 
Write (omitting unnecessary letters) 


B(a, Bs y3 p32) = > [a}nfBln pra” (pw = gr-*-8), 





[n]![y]n” 
the normal series, and 
F(a, B; y;A; 2) 
[a}L Bln Ana”) r =e —a—fB- "i 
- my [7]! [ylly+pe]---[y+(m)—()] atti di: 


the abnormal series. Then, changing y to y—p, in the normal series, 
we find by simple algebra 


(a, B; y—py, A, x) —F( (a, B; 3A; 2) 
— ie MHA, [+ OM.) 





[yIly—p.]) (1]ly+P2] 
me q’- Pr A, F. 
[y—Pil —p,| * 
"oa putting gx for x in the F series, we have 
a, B; y—py3A; x) —F(a, B; 3A; gx) 
waa, (+ IPE jens 
~ lly—pl Pll []ly+p.) 


and, omitting unnecessary letters, 
By—Pr.2)—Fly, x) _ q’-”, 
&(y—Pr x)—Fly, gx) 
an interesting equation, since x disappears from the quotient. 





Lemna III. The difference equation for the normal series §. 
From Lemma II, by replacing y—p, by y, we obtain 
(1—q”)&(y, x) = Fly+py x)—GF(y+P1, 92), 
= (1—q"+”)F(y+p;, 2). 
From this we find 
F(y+p, 2) 
= (1-9 Fy, 2) + VF ye) +P y, PL)+G’S(y, P2)+-..}- 


3695.12 P 
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Now since F(y, x) satisfies an equation 
{Ax™[0+ «|[0+8]—[O[8+y—pi SF (y, x) 
= fi(z)—fx(z) (A= gr-*F), 
we have, on replacing y—p, by y, 
{ux[0+ o][0+B]—[O]9+y Fly +p, x) 
= fale)—fn) (u = gr-*), 
and f;, f, are obtained from f,, f, by change of y to y+-7. 


Finally, since F(y+p,, 2) = a wy, x), 


we have the equation for the normally formed series § in a form 


Ly els 1018 = bale). 




















gq? EQUATIONS AND FIBONACCI NUMBERS 
By F. H. JACKSON (£astbourne) 
" [Received 4 October 1941] 
1. Introduction 
THE purpose of this paper is to discuss certain g-functional equations 
and their solutions in series of the form 


n=+0 


“> dna", (1) 
in which ¢(n) the coefficient of a” is expressible in terms of ‘Fibonacci 
numbers’, that is, numbers of the sequence 

0, 1, 1, 2, 3, 5, 8.,..., 
in which F, = F,414+-F,-2- 
It will be shown that in one case the coefficients may be transformed 
so that 
$(n) = Ag”*"{(co,)?"+ («og)"}-+ Bg""-"{(co})?”-4-(coh)?}, (2) 
where w,, w, are the roots of w? = w+1, from which it follows that 


the Laurent series (1) can be expressed as the sum of four Jacobian 
functions 3(wa?), namely 


AJ(wjx*) + AJ(wi x?) + BY(w, x*) + BY(w. 2°), (3) 


where 
Sugar) =F grant = TT (—ge)(1-+g"-Aef 28)(1+ ganz te, 


2. Notation 
In an article in this Journal*, certain functional equations— 
named ‘g? equations’ by the present writer—were discussed in the 


forms {q9+-a)q9-+b}y = 0, (4) 
{9°+-¢9q°+-do}n = 0, (5) 


d, bod, 
{20° 2 (ay,—b, "+ dy(49¢,—b,)g— “ey, =f 


where a, d,/Cy = 6, ¢,/ao, 

{q!? aig Cy. 9°? + (Cy Cy byt Gy dg—by dg—A)q”? —Adty Cy gq —Aby dg} ¥, = 0, 
(7) 

where A = by ¢,d,/¢y = a,b, d,/ay. 


* Quart. J. of Math. (Oxford), 11 (1940), 1-21. 
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In these equations the coefficients @,, bo,... are functional coefficients 
of an independent variable x; thus a, = a(x), a, = a(q"zx),... and the 
operator q° denotes d 
exp log ax. 
It follows that 

q’a(x) = a(gx) =, g"’a(x) = a,,. 
Then, subject to these conditions, the product of solutions of equa- 
tions (4) and (5) will satisfy equations (6) and (7) respectively. The 
usefulness of this brief subscript notation is obvious, when it is seen 
that the last term alone of equation (7) involves a product of six 
distinct functions. These theorems generalize for g-function theory 
certain theorems due to Appell and Goursat* for ordinary differential 
equations. Consider a pair of equations 


o,f 1 
q “oe ot y= 9, (8) 
Poise 
(a4 Ln = 0, (9) 
in which Gy = ll/qx = Cp, by = —1/qu? = dy. (10) 


The coefficients satisfy the condition necessary for the existence of 
an equation of the third order with solutions of form y x 7. 

The equation (6), when the general coefficients are replaced by 
the particular values (10), reduces to 


{a;8q30+6 _ Datg20+2__Po2991 DY = 0. (11) 
To obtain solutions of the three equations we substitute series 
of form +00 
> Ax (12) 
n=—© 


for y and for 7 in equations (8) and (9), and 


+0 
> 3, (13) 


n=—© 


for Y in the equation (11) of the third order. 
In order that the series (12) may satisfy (8), we require that 


> {q°"A,, a"+q"-1A,, yt — gf, an} = 0, 
n=— © 


* P. Appell, Comptes rendus, tom. 91; E. Goursat, Annales sci. de l’école 
normale, ser. 2, tom. 12. 











g EQUATIONS AND FIBONACCI NUMBERS 213 


which can be valid only when there is the following recurrence rela- 
tion among the undetermined coefficients 
Anse —_ Ag? "+449"; (14) 
from which it is obvious that the coefficients A, belong to a Fibonacci 
sequence of numbers. 
If F,, denote the nth Fibonacci number, we obtain 
A, = g@e-F,_. Ayt+F, Aj}, (15) 
which satisfies the recurrence equation (14). The sequence of coeffi- 
cients is shown in the following table: 
Ao, 
A,, A_, = ¢{F_,A,+ F_, Aj}, 
A, = q(Aog+A,), A_, = @{F_,4,+F_. Aj}, 
A; = q*(Ao+2A,), A_s = ({F_4Ag+F Aj} 
A, = 7*(249+3A,), A_, = P%{F_s Ag+ FA}, 
A,= a 


A, — = gue 1e(F n-1 Ay+F, A,), A_,, — grin + Wit Fy Ag+ F_, Ay}- 

(16) 
The negative Fibonacci numbers are related to the positive by the 
equation F_, = (—1)""F.. 


We have then ie 
= J ge AF,,+AF, je", (17) 
n=—@ 


on replacing A, by 1 and A, by an arbitrary A. Similarly, 


n= S geet wR" (18) 


satisfies the equation 


(4 


qx a os 


3. Solution of (11) 
{ar8q9+6 _ 297492842 942981 DY = 0, 
We substitute for Y the series 


+0 
> B,x™ 


au=-—@® 
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and obtain 





ex {B,, qo" +8x2n+6_ 2B gin+2y2n+4 9B ging+24 B a2. (20) 


n=—@ 


which can be made zero identically when the recurrence relation 
between four successive coefficients is 


6n+6_ 9 4n+6__9 2n+4_| = 
B,q idl 2Briid ai 2B, ry al +Bris = 0. 


If we attempted to solve this as a functional equation in finite 
differences in order to obtain an expression for B,, in terms of the 
first three coefficients B,, B,, B,, the process would be tedious. 
The following a priori method suffices for the purpose of this 


paper. 
By giving 7 the successive values 0, 1, 2,... we form the table of 

coefficients: 

B,=1 ) 

B, =p, 

By = pq’; 

Bs = (2p+2u—1)9°, 

B, = (6p+3p—2)q” (21) 

B, = (15p-+10.—6)q2, 

B, = (40p+- 24 —15)q*, 

Neale am: slides 5u— iid 





From the nature of the problem, which is that y.» can be equated 
to Y conditionally on a suitable choice of arbitrary constants, we 
expect that the numbers in the B coefficients will be products of 
pairs of Fibonacci numbers. We notice that 

B, = {8.13p+5.13u—5.8}q*, 

B, = {5.8p+3.8u.—3.5}q®, 
in which the factors of products form an orderly set of Fibonacci 
numbers, thus 


B, = {F,Fp+pl, FF, Fig", 
and we conjecture that 


B,, ai {F,-1 F, p+ F,-2F, u—F,-2 F,-13¢"—. (22) 
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Trial shows that this does in fact satisfy the recurrence relation and 
we have 


Y= ‘4 ata ipt+F, F,_.p—F,_ i F,-s¢" —Ny2n | (23) 


n=— 


This expression may be transformed into Jacobi’s series. 


4. Jacobi’s series 
It is well known that the Fibonacci number F, is formed as follows: 


fF, _ (wt —w})/Vv5 
in which w, = (V5+1)/2 = —wz}, 
so that Y may be expressed as 


> a" [alot 3) (ww) +- (wf —$) (w}-*§—w-4) + 
+¢(wt-*—w}~*)(wt-*—w}-*) ja = (24) 
by changing the form of the arbitrary constants. 
We can multiply out the w-factors and obtain 
{wi"q” "(dey 1+ bw; *+- cw; *)+- wig” —"(awy *+-bwz *+-ews *) + a2n, 
| +etg"-"(awzt+bwz *+-cwz?)+- agg" —"(awy *+-bwy *+-ews *) 
(25) 
owing to the property w,w, = —1. 
We can write this 
(Ag”—"w2"x2" + Bo" 2%" 4 Bq"’-"w nt Batre xn), (26) 
and have finally a solution 
Y = AS(w}x*)+AJ(w}x*)+ BY(w, x*) + BY(w, 2"), (27) 


in which 


n 


wta™., 


= II = —q*") (1+q?"- 272 ?)(1+q?"2-*w “he, 
“ae 


I do not in this note compare this solution with the product of 
solutions y and 7. It may be that some relations of interest exist 
when the series are equated after suitable choice of arbitrary con- 
stants. If such relations are found, I propose to consider them in 
another paper with more general equations 


(g?+Aatg?+,a}y = 0, fq" -+-varg? + px®}y = 0. 








THE MODIFICATION OF AN INFINITE PRODUCT 


By J. W. BRADSHAW (Michigan) 
[Received 28 October 1941] 


In an article by the author on ‘modified series’* it was suggested 
that the type of procedure there applied to infinite series could be 
employed in connexion with infinite products. It is the purpose of 
this paper to develop this suggestion. The notion of a ‘modified 
product’ is not new; modified products have been noted by various 
authors.t| But apparently no systematic procedure for obtaining 
such forms has been elaborated. Nor has the importance of the 
continued fraction in this connexion been stressed. 


1. Definition. We assume as the notation for a convergent 


infinite product TT ( 1—p,,) and denote by P, = Tra (1—p,) the pro- 


duct of the first n juteai of the infinite product. If the last of these 
factors, 1—p,, is replaced by something different, say 1—gq,, the 
product will be represented by 


2, = ~¥.) Th 1—p,), (1) 


and this form will be called a ‘modified product’. Products which 
converge slowly may be thus ‘modified’ in order to find new forms 
that converge more rapidly. To this end we shall wish to find a 
function q,, of n such that Q, and P, approach the same limit and 
that the approach of Q,, to this limit will be more rapid than that 
of P,. The first of these requirements will be met, if the condition 


lim | 4m (2) 


no L—DPy, 


is satisfied. A way of getting at the second is to compare 1—Q,,/Q,,_, 


* J. W. Bradshaw, ‘Modified series’: American Math. Monthly, 46 (1939), 
486. 

+ J. W. L. Glaisher. ‘On the transformation of continued products into 
continued fractions’: Proc. London Math. Soc. (1) 5 (1874), 78-88; 
J. W. Bradshaw, ‘An infinite product for 47 derived from Gregory’s series’: 
Quart. J. of Math. 43 (1912), 378-9. 
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and 1—P,/P,_,=p,. The former should be of a lower order of 
magnitude than the latter. This may be formulated as the condition 





° « (1—q,,-4)—(1—q,)(1—p,-1) Pee 
— Pr(1—Qn-1) ic: n 
for some positive «a. 

2. Application to Wallis’s product. The infinite product for 47 
2.2.4.4.6.6 
1.3.3.5.5.7" 
illustration, for it converges quite slowly. Combining the factors in 
’ pairs we should write 


* 2k. 2k * l 
P= - ]-+-—___—_}, 4 
= [Te [[ (+a) (4) 


If for 1—q,, we choose a rational fraction whose numerator 
b(n) = Ug n'+u, n&1+-...4+-% 
and whose denominator 
o(n) = vgn'+v, n'+...+4 
are of the same degree in m and have the same leading coefficient 
Uy = Vp, the condition (2) will be satisfied. To satisfy the condition 
(3) we choose the coefficients so that 
[4(n—1)?—1]h(n—1)p(n)—4(n—1)*6(n)y(n—1) (5) 
shall be of low degree in n. 
By equating to zero the coefficients of successive powers of m in 
this expression we obtain the sequence of equations 


commonly ascribed to Wallis, viz. ., furnishes a good 


Uy—Vy = 0 

Uy—V, = }% 

Ug—V_ = JY, + 33% 

Us—Vz = p.+33ry +i8s% 

Ug—Vg = 303+ got teri + 35480 

Us—V5 = BVgtgo3+ Hee t shass +8109%0 








By using in succession ¢ = 1, 2, 3,... we obtain a succession of pos- 
sible modifications 1—q,,, viz. 
8n—3 _ 1 2 64n?—56n+15 | 2 1.3 


1+ 





8n—5 8n—5’ 64n2—72n+23 | 8n—5+ 8n—4 
512n3—704n®+-464n—105 _ 2 1.3 3.5 


ad my i. -” 
512n3— 832n2+-592n—167 t oa—5+ Sn—44 Bn—4 


. (7) 
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The surmise that the continued fraction, through its successive con- 
vergents, will yield an unlimited number of these modifications is 
readily verified. We denote by A,(n)/B,(n) the convergent of order 
p of the continued fraction 
8n—5+ K (2p—1)(2p+1) (8) 
p=1 8n—4 
and for 1—q, take 1+2+{A,(n)/B,(n)}. By the use of the reduction 
formulae for the continued fraction and mathematical induction we 
can then show that, if ¢(m) = A,(n)+2B,(n) and y(n) = A,(n), the 
expression (5) will be independent of ” for p = 1, 2, 3..... 
While the original Wallis product converges slowly, this modified 
product, taking » = 4, p = 4, yields an approximation to 47 in 
which the error is less than 3 in the ninth decimal place. 


3. Double modification. For values of p sufficiently large a 
modified continued fraction will serve our purpose even better than 
the continued fraction (8). By the term ‘modified continued fraction’ 


we mean 
oe (9) 
b,+ Ps d, 

in which the partial quotient a,/b, has been replaced by c,/d,, chosen 
so as to give more rapid convergence.* For this purpose we take 
c¢, = a, and for d, a rational fraction whose coefficients are so deter- 
mined that d,(d,_,—b,,)—a, shall be of low degree in p. In this 
case it turns out that an appropriate value for d, is twice any con- 
vergent of another continued fraction for which we take the index 


o and whose convergents we distinguish by accents: 


C,/D, = b+ 


A‘/B, = 2p+4n—1 | (2n—1)2n (2n—2+0)(2n—1+0) (10) 
2 2p+1+ 2p+1 
We put d, = 24,/B, and have then 
C, = 259A, s+ (2912+), 
ae ; (11) 
D, = mA 'p-1 + (2p—1)(2p+1)B,_» 


and our modification of the product replaces 1—p, by (C,+-2D,)/C,. 


* J. W. Bradshaw, ‘Modified continued fractions’, an article offered to the 
American Math. Monthly, but not yet accepted. 
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4. The function F(n,p,c). The doubly modified product is now 
a function of three indices; an approximation to 47 that is obtained 
in this way we denote by F(n,p,a). Replacing C, and D, by their 
values from (11), the formula for this function becomes 
2.2.4.4...(2n—2)(2n—2) 
1.3.3.5...(2n—3)(2n—1) 
ye PAA p-1+2By-1)+(2p—1)(2p +1) By(Ay-o+2By-2) 
2A, A,_1+(2p—1)(2p+1)B, A,» 
(op =1, 2, 3,...). (12) 


F(n,p,o) = 








In this formula we have 
for p: 
A, = 8n—5, =I, 
A, = (8n—4)A,_1+(2p—1)(2p+1)A,-2 
B, = (8n—4)B,_,+(2p—1)(2p+-1)B,-» 
for a: 
A, = }(2p+4n—1), Bo=1, 
A; = Ort Dd, teste lds) (oid 
B= (2p-+1)B’_,+(2n—2-+0)(2n—1+0)B’» 
For F(4,4,4) the formula yields a value which differs from }$7 by 
less than 3 in the tenth decimal place. 


(p = 1, 3, 3....}5 


) 
( 


5. A second modification. A different result: will be obtained 
if only the factor 2n/(2n+-1) is replaced; in other words, if for 1—gq, 
we take 2nd4(n)/(2n—1)%(n). The continued fraction met in this 
hoa sie 1.3 3.5 (2p—1)(2p+1) 

8n+ 8n+°" 8n+ 
and, if by A,(n)/B,(n) we denote the convergent of order p of this 
continued fraction, then 


$(n) mA A,(n) (14) 


e089 (13) 





y(n) A,(m)+2B,(n)’ 

If this continued fraction is modified as in the previous case by 
replacing the denominator 8” in (2p—1)(2p+1)/8 by a new con- 
tinued fraction, this turns out to be twice 
2n(2n-+-1) __ (2n— 1+o)(2n+o) (15) 

2p+1+ 2p+1+ 








3(2p+4n+1)+- 
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The function of three indices at which we arrive in this way we 
denote by G(n,p,c), and the formula corresponding to (12) is 

2.2.4.4...(2n—2)(2n—2)2n 

G(n, = cae. maa 

(”,p,0) = +3 °3-5..(2n—3)(2n—1)(2n—1) * 
ae 2A, Apr (2p—1)(2p +1) Be Ap-s —— 
24,(A, 1+2B, 4)+(2p—1)(2p+1)B,(A, 2+ 2B, 2) 

6. Properties of F and G. Calculation of a considerable number 
of values of F'(n, p,o) and G(n, p,c) from formulae (12) and (16) leads 
to the following surmises: 

F(n, p,o) = F(n+1, p,o—2), (17) 
G(n, p,o) = G(n+1, p, o—2), (18) 


F(n,p,0) = G(n,p,o—1). (19) 





If these surmises are true, it may be contended that the use of the 
continued fractions (10) and (15) beyond A}/B, has accomplished 
nothing of practical value; the same results could be obtained by an 
increase of n. However, this fact in itself is of some interest. 

The illustrations we have discussed will, perhaps, suffice to suggest 
the usefulness of the notion of modified product and the importance 
of the continued fraction in this connexion. 











THEOREMS CONCERNING MEAN VALUES OF 
ANALYTIC OR HARMONIC FUNCTIONS 


By G. H. HARDY (Cambridge) and 
J. E. LITTLEWOOD (Cambridge) 


[Received 1 January 1942] 


Introduction 
1. In this paper we complete (with one reservation stated at the end 
of this section) our account of a body of work which has occupied 
us at intervals since 1924.* This work has been a piecemeal growth, 
and the logical order in which it stands is in some ways odd and 
anomalous. We can now give a more unified account of the main 
results (omitting some extensions which have been rather side- 


issues). 

The critical proofs will also be much shorter. We cannot claim 
without reservation that they are simpler, because we allow ourselves 
to appeal to certain theorems of Littlewood and Paley which were 
not available until recently;t and the proofs of these theorems (of 
one in particular) are difficult. We could avoid appealing to these 


theorems if we chose. Parts of our analysis are quite independent 
of them; in others we could substitute ad hoc arguments such as we 
used before; and in one part,{ where we thought that we should be 
compelled to use them, we now find them unnecessary. On balance 
it seems best to take advantage of them where we can. 

The paper is not a mere revision of old work: it contains proofs of 
theorems stated before without proof, and one entirely new theorem 
(Theorem 8). In one respect, however, we do less than in our earlier 
papers, since we suppose throughout that the parameter r is greater 
than 1.§ 

We begin by a statement of the chief theorems to which we shall 


appeal. 


* See in particular our papers 3, 6, 7. 

+ They were stated without proof in 1931, and the first proofs published 
in 1937: see Littlewood and Paley, 10 and 11. 

t §§24-7. See 7, 170, footnote f. 

§ In §§ 20-1 we suppose only that r > 1. But a good many of the theorems 
are true for all positive r (and were proved so in our former papers). 

Thus the proof of Theorem 3 of 7 remains incomplete: the case 0 < p < 1 
is still unaccounted for. Actually, this case is comparatively easy. 
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Theorems used 


a0 
2. In what follows fiz) = 3 c,, 2" (2.1) 
0 
is an analytic function of z = pe? regular for p <1. The indices 
Pp, q, r, 8 are finite and satisfy 
l<p<2<q r>l, s>1 (2.2) 


(except in §§ 20-1, where we allow , to be 1). 
If 4(@) is any function of 6, then 


bY Ur 
= (x | sor i) 


In particular 


Ir 
MAS) = MF, p) = (3. f inoeeyr i) (2.4) 


We use A, B, C as follows. A is, at each of its occurrences, a 
positive absolute constant; B a positive number depending only 
on the indices p, q,..., or other parameters of the argument:* both 
A and B may differ at different occurrences even in the same 
formula. C is a positive number occurring in the hypothesis of a 
theorem and preserving its identity throughout the statement and 
proof of the theorem. 


THEOREM A. Jf 


b(t) dt, 


the Faltung 
of ¢ and #, and 
a> 4, B>1, oF Sn (ae (2.6) 
a B y a B 


then M(x) < My () Mply). (2.7) 


This is a familiar inequality due to W. H. Young.+ The inequality 
(and all others which we quote or prove) is to be interpreted as 


* Which we shall indicate explicitly, by writing B(p,...), if there is any risk 
of confusion. 

Tt See, for example, Hardy, Littlewood, and Pélya (9, 198-202) or Zyg- 
mund (12, 71). 
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meaning ‘if the right-hand side is finite, then the left-hand side is 
also finite, and...’. 


THEOREM B. Jf Mif)<C (2.8) 
for p <1, then f can be expressed in the form 
f=Sfith (2.9) 
where (i) f, and f, are regular, (ii) f, ~ 0 and f, < 0, and (iii) 
Mifi)< AC, Mf.) < AC (2.10) 


for p <1. 
This theorem (which is actually true for all positive r) is proved 
in our paper 2.* It is a simple corollary of a theorem of F. Riesz. 


THEOREM C. Suppose that S(@) is the region bounded by the two 
tangents from the point e*® to the circle p = py <1, and the more distant 
arc of the circle between the points of contact, and that F(@) is the wpper 
bound of | f(z)| in S(@). Then 

MF) < B(r, po) lim M,(f, p). (2.11) 
p>1 


This theorem (which also is true for all positive r) is proved in 
our paper 5.T 

The form in which we have written (2.11) requires a word of 
explanation. The inequality says nothing unless the limit on the 
right-hand side is finite, ie. unless M,(f) is bounded. In this case 
f(z) has a ‘boundary function’ f(e) of the class L’: f(pe®) > f(e*), 
when p > 1, for almost all 6, and 

M,{f(pe)—f(e*)} + 0, 
so that f(e’) is also a ‘strong limit’ of f(pe"). Also 
_ M(f,p) = M{f(e*)} = M,(F, 1), 


and (2.11) may be written in the simpler form 
M(F) < Br, po)M,(f, 1). (2.12) 
But f(z) may have a boundary function of L’, defined as a radial 
limit, even when M,(f, p) is not bounded, so that we could not state 
(2.11) unconditionally in the form (2.12). 
* Hardy and Littlewood, 2, 207. 


{+ Hardy and Littlewood, 5, 114. The definition of S(@) there is slightly 
different. 
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THEOREM D. Suppose that 1 < p < 2 < q,* and that 
Cy = f(0) = 0. (2.13) 
la 
Then lim M2(f,p) << B | | (1—p)”-1| f’(pe®) |? ddd, (2.14) 
tii 0-7 
7 
| | (1—p)*-1| f’(pe®) |2 dod@ < Blim M4(f, p). (2.15) 
J pl 
0-7 
When the limits are finite, they are equal to M#(f, 1) and M4 f, 1). 
We suppose c, = 0 (as we shall do in a pag of later theorems) 
in order to avoid trivial complications. It is obvious, for example, 
that (2.14) could not be true without some such restriction, since the 
right-hand side is independent of ¢,. 


THEOREM E. Jf c, = 0, r >1, and 


1 
m= (1—p) | f’(pe®) |? dp t (2.16) 
0 


then M9) < (Ff, p); pe M(f,p) < BMAg). (2.17) 


There is naturally the same gloss aad M,(f, 1). Theorems D and 
E contain Theorems 5-7 of the second Littlewood-Paley paper 
(Theorems 1-3 of the first). 


THEOREM F. Jf 
u(z) = u(p, 0) = >) C, pimient® (2.18) 
is a harmonic function of z regular for p <1, and 
M,(u) < C; (2.19) 
and if we write 
eo —1 ie3) (oe) P 
u(p,0) = + + F = Den, prer+ > c_, pre"? = uy(p, 6)+-U9(p, 8); 
0 —@ 0 1 
(2.20) 
then M,(u,) < BC, M,(uy) < BC. (2.21) 
This is equivalent to M. Riesz’s theorem concerning conjugate 


functions of the class Z’.+ We shall use the theorem once only (in 
$17), and then w will be a (harmonic) polynomial. In this case 


M(u, p) < M(u, 1), 


* As in (2.2): but we repeat the inequalities for greater emphasis. 
+ See Hardy and Littlewood (1) for further explanations. 
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and we can take C = Mt,(u, 1), when 

M(uy, 1) = me M,(u,p) < BC = BM,(u, 1). 
It is in this form that we shall actually use the theorem. 


Some lemmas 


3. We shall also require the following lemmas. Lemma y, in par- 
ticular, enables us to avoid many trivial complications, and we shall 
use it repeatedly. 


LEMMA «a. If ‘ 
file) = | fre) du (3.1) 


and k >1, then M,(f,.p) < pM(f, p). (3.2) 


| i. 
For | f,(ee)| =e | floe'®) do} < | |foe'*)| do, 
0 | 


0 
7 p k p 7 Uk 
Mi(f,) < E | al | Noe) ae) <| dol. | lee | ; 


by ‘Minkowski’s inequality’;* and this is 


1k 


p 
[ Mu(f0) do < pMylf,p), 
0 


because M,(f,) increases with p. 


Lemma f. If k > 0, z-*f(z) is regular at the origin, r > OF and 
0<A< 1, then 
Mf, p) < pM, fF, p’). (3.3) 


For 0 < p < p\<1 and 
p*M(f,p) = M{2e“"f(2)} 
increases with p, so that 
p*M(f,p) < p-*M,(f, p’). 
Lema y. Suppose that a and b are real and c and r positive, and that 


1 
J = [ (1—p)tp°IRe(f, p) dp (3.4) 


* See Hardy, Littlewood, and Pélya, 9, 148 (Theorem 202). 

+ We are concerned only with the case r > 1, but the proof is independent 
of this hypothesis. 

3695.12 Q 
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is convergent at the origin. Then 


1 
J < B{ (1—p)*M(f, p) dp 
) 
where B depends on a, b and c. 


If 6 < 0, there is nothing to prove. If b > 0, let k be the least 
integer for which 6 < ck+1, and 0 <A<1. Then z-*f(z) is regular 


at the origin, and 
1 


J < | (—p)tpt--OMe f, p2) dp 
0 
by Lemma f. If we take 
a. 
ck+1 


(when 0 < A <1), and put p’ = o, we obtain 


1 
<5 | (1—o”*)M(f, 0) do. 
0 


I—g'A 1 
But l< << 
~ f— <A 

so that (3.6) is equivalent to (3.5). 


Lemma 6. If 0 < p <1 and n is a positive integer greater than 1, 
then 


Jfeles< A log n. 


For the integral increases with p, and therefore 


r |y—zn| F |] —enid| r | sin 4n0} 

t=" do< [it [ao — 2 [ Oat g 
I | 1—z | | | 1—e | 4 J sin30 i 
-—T —T 0 


1/n 


7T 
5 i dé 
<2|nd0+2 | — < 2427 
sin $0 
0 1/n 


The inequality is of course familiar. 
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Preliminary theorems 
4. TueoreM 1.* If l<r<sand 
MAF) < C, (4.1) 


then Mf) < BC(1—p) *-*) (4.2) 
and Mf) = M.(f) < BC(1—p)-™. (4.3) 
Here M(f) is the maximum modulus of | f(z)| for |z| = p. 
After Theorem B, we can write f = f,+/., where f, 4 0, f, # 0, 


M.(f,) < AC and M,(f.) < AC for p <1. If we have proved (4.2) 
and (4.3) for f, and f,, then 


Mf) < M(f,)+ Mf.) < BC(1—p)-" 


and Mf) < My fy)+-Mylfe) < BO(L—p)-*) 
(the last by Minkowski’s inequalityt). It is therefore sufficient to 
prove the theorem for an f without zeros in p < 1. 

If f has no zeros, we can write f = ¢?, where ¢ is regular in p < 1. 
Then MP) = Myf) < Cr, MEF) = MBG). 
If the theorem has been proved for r = 2, then (applying that case 
to ¢) 

mMs(f) = Melb) << BO? *(1— yr F(3-%) — = BC1— y-(-1) 

8 28/r P P ’ 
which is (4.2); and 
M(f) = M?"(p) < BC(1—p)-” = BC(1—p)-™", 

which is (4.3), It is therefore sufficient to prove the theorem for 
r= Z. 

When r = 2, we have 


D le, |? = Mf) < 
Mf) < > len|e™ < (¥ len|? > p*)? < C(1—p)-+. 


so that 


Also 
Msf) -2f If" db < ef) | ra 


11 
< {C(1—p)-*}*-2C? = (ca—p)- ale 
These are the inequalities required. 


* See Hardy and Littlewood (4, 623-5, and 6, 406-7). We repeat the 
original proof, which works for 0 < r < s. 

+ In one of its more usual forms, e.g. Theorem 198 of Hardy, Littlewood, 
and Pélya, 9, 146. 
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We shall sometimes require variants of Theorem 1 in which the 
C of (4.1) is replaced by a c(p) which tends steadily to infinity when 
pl. If then we fix a o between 0 and 1, and apply Theorem 1 to 
f(oz) = f(cpe**), we obtain, for example, 

Mf, op) < BIl—p) ¥M,(F, 0) < B(l—p)-"e(o), 

and so Mf, 0?) < B(Il—o)-"e(c) < B(1—o*)-""c(c). 
Finally, replacing o? by p, we obtain 

THEOREM 2. Jf M,(f,p) < c(p), then 


= 1 
Mf) << Bp)" Ae(ph), Mf) < B(L—p)Felpi). (4.4) 
The most important cases are those in which (i) c(p) is M,(f, p) 
itself, and (ii) c(p) = (l—p)-*, where a > 0. In the latter case we 
can replace c(p*), in (4.4), by c(p). Thus, if M,(f) is of order (1—p)-, 
M(f) is of order (1—p)-*-" at most. 


5. TuHroreM 3.* If M(f) < C, then 


ee 
Mf’) < -—. 
ae 


1 f(u) 
Q71t (u—z)? 
D(0,p) 


where D(¢, p) or D(@) is a curve inside p < 1 and round u = z = pe*. 
We distinguish two cases. 

(i) Ifp < }, we take D(@) to be the circle |u| = 4. Then |w—z] > } 
on D(@), and so 

If’(2)| < 16M, (f, 3) < 16M,(f, 4) < 160, 

BC 
l—p 

(ii) If p >+4, we take D(@) to be the circle whose centre is 
u = z = pe’ and which passes through wu = pte®®. The radius of this 
circle is p'—p, and lies between two numbers A(1—p), so that the 
circle is inside a region of the type of the S8(6@) of Theorem C, Hence 


yee) < 420) 


* Actually M,(f’) = o{(1—r)—4}, but we do not need this here. 

Most of the content of Theorems 3-6 is to be found in Hardy and Little- 
wood, 6, 430 et seq. The results proved there are in some ways a little less 
precise, but are proved for all positive r. 


> 


We have f') = 


and a fortiori M(f’,p) <16C < 
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’ B BC 
and mM) < ae < 
by Theorem C. 


THEoREM 4. If MAf) < ce(p), then 


 — Be(pt) , 
Applying Theorem 3 to f(oz), we obtain 
i0 ™ 
M,{of(opei®)y < PUuiflee} < Bele) 
p p 


Hence Mf’, p?) < ay ; 
p(1—p) 





which is equivalent to (5.2). 


Fractional derivatives 
6. We shall require similar results for f(z), the Bth derivative, 
of non-integral order, of f(z). There are various definitions of these 
derivatives, which are not quite equivalent for our present purposes. 
We take first the definition (which we distinguish from our later 
definition by putting the f in brackets) 


ee) = “SEPP (w—2)-2-#fw) du, (6.1) 


D(z) 
where D(z) is a loop from the origin lying inside the unit circle and 
encircling u = z in the positive direction, 
(u—z)-1-# = exp{—(1+A)log(u—z)} 
= exp[—(1+){log|w—z| +7 am(u—z)}], 

and am(u—z) = amz = @ at the point where D(z) cuts the radius 
vector through u = z. 

The formula (6.1) defines f(z) for all real (or complex) values of 
8 except negative integral values. When f is negative, it may be 


replaced by 


fe) = er | (2—u)-"-#f(u) du, (6.2) 


0 
where the path of integration is rectilinear. This formula is significant 


* The factor pt in the denominator is essential; for c(p) can be small for 
small p if (0) = 0, while M,(f’) is usually not small. 
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except for 8 = 0, 1,... (so that the two together cover all value. 
of 8). In any case 


12) => rary acer (6.3) 


and z#f(z) is regular for p <1. When f is a positive integer, f(z) 
is an ordinary derivative of f(z), and, when £ is a negative integer, 
Spe) = fe) (6.4) 
is an ordinary (repeated) integral of f(z) 
We can still define f(z) by (6.1) or (6.2) when f(z) is of the form 
fe) = Yon2z 
and A > —1. We have then 
DP(n+A+]1) anti-B 
[T'(n+A+1—8) ” . 
instead of (6.3). The derivatives and integrals thus defined obey the 
ordinary operational laws 


( fPyn = ( fvry® a fe. 


fz) = 


The important functions are f(z) and fig(z) with 0< B <1. 


7. TuHroreEM 5. Jf M.(f) < C and B > 0, then 
BC 


§ (B—)) =< y 
Mf) < gre, 


(7.1) 


We use the formula (6.1), and again distinguish two cases. 


(i) If p < }, we take D(z) to be the circle through the origin whose 
centre is u = z. This circle lies within a region S(@), and 


| £8) BF(6) ae BF(@) 
ic ir 

(ii) If} < p < 1, we take D(z) to be the contour formed by (a) the 
circle used in the proof of case (ii) of Theorem 3, and (b) the straight 
line from the origin to the nearest point on the circle, described 
twice in opposite directions: this contour also lies within an S(@). 
The modulus of the contribution of (a) does not exceed 


BF(#) _ BF(6) 
(p'—p)P_ ~ p®(1—p)P’ 
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and that of (b) does not exceed 


2p—pt 
BF(6) | da BF(@) BF(@) 


5 (p—o)+® ~* (pt—p)P ~ ph(1—p)F 


Hence, in any case, 





BF(@) . 
|fP(z)| S A(I—p) 


BUF) _ _BC 
p?(1—p)P ~ p®(1—p)P” 





and Mf) < 


by Theorem C. 


THEOREM 6. Jf M(f) < e(p) and B > 0, then 
M,(f®) < Ky 
Applying Theorem 5 to f(0z), we obtain 
M,{o®fP(ape!®)} < Pa 
Hence B,{fP(p%e)} < a < ala 


which is equivalent to (7.2). 

It will be observed that Theorems 3 and 4 are not included in 
Theorems 5 and 6, being sharper than the results of taking B = 1 
in those theorems. This is natural because f(z) has generally a 
singularity at the origin, which disappears when f = 1. 


8. Our second definition of the derivative of order 8 applies only 
when f(0) = & = 0. (8.1) 


It is f(z) = By nbc, 2". (8.2) 
T 


We also write faz) = f-P(e). (8.3) 
These definitions can be used for all real (or complex) £, and it is 
plain that (f8)r — (fr)B = fB+y 


for all 8 and y. 

The difference between the two systems of definitions is roughly 
that between differentiation (or integration) with respect to z = pe“? 
and with respect to 6. The definitions of this section, which require 














232 G. H. HARDY AND J. E. LITTLEWOOD 


Cy to be 0, are the most convenient in the theory of Fourier series. 
If « = —B > 0 and p <1, then 


a 
1 sas 
Ta) J (8—t)*—*f(pe*) dt 
e. : | 
a re | (e—gr" 2 c, pre" dt = 3 (ni)-%c, p%er® — f (pei): 


and this equation can be extended, if properly interpreted, to the 
case p = 1. Thus f,(z) is effectively the ath integral of f(z), as defined 
by Weyl. 

THEOREM 7. If 0 < B < 1* and 


Mf) < e(p), (8.4) 
then M,( fF) < < 7 _. (8.5) 
Here there is no factor p-f, 
If we write for the moment 
oe AO ae > OTD 
i= @ Sf I (n+ = B) Cyz ? 
ae *) 
—p)P’ 
by Theorem 6: and we shall prove that i-8ff—g satisfies a similar 
inequality. Now 
A 


then MG) < (8.6) 





T(m-+1—A) * n+1 Pim+1—A) 
where \w,,| < Bn8-2, 
Hence i-BfP_g — Bd+y, (8.7) 
; (n+l) -c, _, 
where ¢= > ferice ei el = > uC, 2"; 


and it is sufficient to prove that Mt,(¢) and M,(#) satisfy inequalities 
of the type (8.5). 
Now ¢ is related to 


> na = : {10 du = f@), 


n+l1 Zz Zz 
0 


* From this point onwards we confine our attention to this case. 
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as g is to f. Hence, applying (8.6) to f,/z, and using Lemma a, we 
obtain 
_B lh a < ae ) 
MB) < qa M(4.0!) < Ga 9" MUS) < Te. (8:8) 
Finally, lb| < BY |c,,|n8-*p 
But Ic, |p” < Mf) < S m,(): 
and so (since B—2 < —1) 


: — BW(f,p*) — Be(p*) 
q <= S 2 = B > < 
M(p) < MY) < Mf) F nF WP) SG Sap 


(8.9) 





The theorem now follows from (8.7), (8.8), and (8.9). 


9. THEeoreEM 8. If r >1,8s >1, 6 <1, and f(0) = 0, then 


1 

[ Cp) ?ME() dp 
ne — <B. 
[ C—ey mst) dp 


In particular, when s = r, 


(1—p)*|f |" dpdé 
< B. (9.2) 


(1—p)r*|f" |" dpdo 


The inequalities are to be interpreted with the obvious conven- 
tions: if either integral is positive and finite, then the other is positive 
and finite and satisfies the inequalities. The condition f(0) = 0 is 
essential: the right-hand inequalities are obviously false, for example, 
when f(z) is the constant 1. 

The left-hand inequality (9.1) is a corollary of Theorem 3 and 
Lemma y. Thus, by Theorem 3, with s for r and c(p) = M,(f,p), 


M,(f’) < Be-*(1—p)*M.(F, p*), 
py M(f’) dp < B j (1—p)*p-" Mf, p?) dp 
1 


= B{ (1—p*)*p! "Mf, p) dp < B j (1—p)~"p'-"WU(f, p) dp, 


0 
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the last integral being convergent, at 1 by hypothesis, and at 0 
because c, = 0 and so M,(f,p) = O(p). It now follows from Lemma 


y that 1 1 
| Gey MRE(f’) dp < B | (1—-p)°Me(f) dp. 
Fs 0 


Passing to the right-hand inequality (9.1), we suppose first that 
f(z) is regular for p <1. Then, integrating by parts,* 


1 


[ apy *amats) dp = 4 | eZ cane de 


. 


0 





But 
@ sanccpy; = 4 cameipyy = Ceanapyyo-% Stang} 
dp 8 5 dp 8 J dp 
—"gpr-o fy 2 (4 is d0 
=m, nels fui , 
eur 8 s—1 
and at < |Z P| = all f'l- 
Hence 
1 1 " 
[ Q—p)Mu(f) dp < Bf (1—py-Me-*(f) dp | |fle-lf"| 48. 
0 0 —@F 
Also 
yj s—1)/s l -{ 1/s 
xf if|sf’| dd < (3. | fle a) (3 | srr) 
a7 
= M(F)M(F), 
by Hélder’s inequality; and hence 
1 1 
fa- )—-m(f) dp < B ja- on -1( fF )M(f’) dp 
0 0 
= Bi {(1 p)~°M(f)}"- Dir§( (1—p)’- om ( f’ yyue dp 
0 
1 vr 1 
< Bl a p)-ranatf dp} "| f (lp y-eanety") de)” 


\y 


* And observing that (1—p)'-°Mi(f) = 0 for p = 0 and p = 1. 
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(again by Hélder’s inequality). Removing the common factor, and 
raising the result to the rth power, we obtain the right-hand in- 
equality (9.1). 

We have supposed f(z) regular for p < 1. This condition is satisfied 
by f(cz), for any o <1. Hence, applying what we have proved to 
f(oz), we have 


| Cp) ?°m{f(cz)} dp 


0 


1 1 
< B | (1—py°Mifof'(oz)} dp < B | (1—py MULf'(e)} dp; 
0 0 


and so (using ‘Fatou’s Lemma’) 


{ (1—p) meg fle)} dp 


0 
< lim f (1—p)°Mz{floz)} dp < B j (1—p)' Mf f’(z)} dp 
ol 0 
in the general case. 
The right-hand inequality (9.1) can be sharpened a little, and we 
shall need the refinement in the next section. 


a 9. Under the conditions ial Theorem 8 


fa- p) Mf) dp < B fa- py >Mz(2f’) dp. (9.3) 
0 


1 

—p) Mf -dp < B | (1—p)M4(f") dp 
0 

1 


1 
= B | (1—py*p*Mi(ef") dp < B | (1—py Males") dp, 
0 


the first inequality following from Theorem 8 and the last from 
Lemma y. 

10. Our next theorem is an extension of Theorem 8 to derivatives 
of non-integral order. 

THEOREM 10. Jf the conditions of Theorem 8 are satisfied, and 
0< B <1, then ‘ 
ix (1—p) Mf) dp 

a < B. (10.1) 


B< + 
| (1 py Poon), dp 
0 
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The left-hand inequality is a corollary of Theorem 7. For* 


BME(f, p*) 
r( ¢B CAT EE all 
Me(fP) < (1—p)r ’ 
by Theorem 7; and so 


1 1 
[ (—p)Pr-oans(f®) dp < B [ (1—p) Mf, p#) dp 
0 


1 1 
= B {| (1—p*)pMilf, p) dp < B [ (1—p)*MU(f) dp. 
0 0 


To prove the right-hand inequality we observe that 


1 1 
[ Cp) ?mE(f) dp < Bf (1—py Mes") dp, (10.2) 
0 0 
by Theorem 9. But 
af’ = ¢,2+2c,27+... = —if! 
and fi = (f8)!-4. 


Hence, by the left-hand inequality, with f? in place of f, and 1—f 
in place of 8, we have 
1 1 
[ (1—pyanslef’) dp < B | (1—p)Pr-mng(f®) dp; (10.3) 
0 0 


and the right-hand inequality follows from (10.2) and (10.3). 


Another preliminary theorem 
11. THEOREM 11.+ Jf 


<7 8} e= aes i>, (11.1) 
r 8 
and M,(f) < C, then 
1 
{ (1—p)e9n(f, p) dp < BC. (11.2) 


0 
We may suppose C = 1. 


* It will be observed that the proof is a little simpler than the corresponding 
part of the proof of Theorem 8. This is because f? usually begins with a term 
in z, f’ with a constant term. The result is true with f) for f8, but the proof 
involves small complications like those of the proof of Theorem 8. 

+ Hardy and Littlewood, 6, 411-14 (Theorem 31). There the theorem is 
proved for 0 < r < 8s. A corollary is M,(f) = o{(1—p)~*}. 
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It is sufficient to prove the theorem in the special case 1 = r. For 
M.(f) < BUl—p)-*, 
by Theorem 1, and so (if the special case has been proved) 


1 1 
[ —p¥sMRi(f) dp = [ (1—p)ra2aRs(f){(1—p)2MA}* dp 
0 0 


1 
< Bf (l1—pys7MU(f) dp < B 
0 


We may therefore suppose that / = r. 

Next, we may simplify the theorem as we simplified Theorem 1 in 
§4. We may suppose first that f has no zeros in p < 1, and then (by 
putting f = ¢?") that r = 2, in which case s = q > 2. We have then 


r=2,8>2%a=5—<, > len|? = Mf) <1 


and our conclusion is to be that 
1 
f @—p)-*me(f) dp < B 
0 


We write f = Cot > C,2" = Cotg. 
T 
Then Mf) < My(Co)+ My(g) = |¢o|+- Dt, (9) 
and Mf) < 2 |e |?+ 2MZ(g). 
Now g(0) = 0, and so 
j (1—p)-*2z(g) dp < B j (1—p)?-*4M2(9') dp, 


by Theorem 8. Also 
‘3 ae ores 
M9’, p) < BUL—p)* *Mz(9',p) < B(1—p)* ?Mz(g’, p*), 
by Theorem 1. Hence 


{ Q—p)- aMz(g) dp < B fa- p)M(g’, p*) dp 


1 
B | (1p) *\cn 20") dp = BY n*{c,|* [ (L—p)p"-* dp 
0 


is) 


es etc BY ic 2B. 11.5 
BD ailal < BZ ll <B (11.5) 
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It then follows from (11.4) that 

1 

[ —p)-*@ME(f) dp < Bleo|* Pra <B 
0 


which is (11.3); and this completes the proof. 


The theorem ‘7 — s’ and its extensions 
i2. The ‘Hauptsatz’ of our papers 3 and 6 was 
= | 


THEOREM 12. If F< @, a= —-—-, (12.1) 
r 8 
and a F (tn)-*c,, 2, (12.2) 
1 
then M.(f.) < BM,(f). (12.3) 


We proved this theorem there for 0 < r < 8s; but now we are con- 
cerned only with the range 1 < r < s. 

Our proof of Theorem 12, for the range 1 < r < s, was not at all 
‘function-theoretic’, but was based on certain ‘elementary’ in- 
equalities which we had proved in collaboration with Pélya.* Its 
logic was roughly as follows. We began by a rather difficult, though 
‘elementary’, proof of the inequality 


> bs ‘ame “| < 
fins . 2% 


R>1, S 1, _= a A= 2——_—-_,, 
as RS 

and the dash excludes equal values of m and n from the summation. 

From this we passed, by standard limiting processes, to the integral 

inequality 


(es day < al | | f(x) |* ax) ( | lg(y)|§ ay) (12.5) 


and from (12.5) we deduced, by the ‘converse of Hélder’s inequality’, 


< BY lan |*)"*(X [On 15); (12.4) 





where 


"a (f \fale)|' dae)" < B({ |flw)|* dex)", (12.6) 
where ate =1, a a — (12.7) 


* See Hardy, Littlewood, and Pélya, 8, and 9, ch. x; and Hardy and 
Littlewood, 3, 568-76. 
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f(x), the integral of f(x) of order a, is defined by 


= y r —f)a-1 
fal) = Fc) } (x—1)9-4f0) db, (12.8) 


0 < «<1, and ¢ may be —oo in certain circumstances.* Finally, 
we replaced R,S’ by r,s and derived (12:3) from (12.6).f 

The main theorems of our paper 7, viz. Theorem 1 (which is 
proved) and Theorem 3 (which is stated without proof) are generali- 
zations of Theorem 12. It seems desirable in any case to have a 
proof of Theorem 12 which is function-theoretic in character. Inci- 
dentally, we shall show (without going into details) how it would be 
possible to deduce (12.4) and (12.5) from (12.3). The only published 
proofs of these inequalities depend on difficult theorems concerning 
‘rearrangements ’.{ 


13. We begin by framing a generalization of Theorem 12. The 
function f,(z) is substantially§ the Faltung of the two functions f(z) 
d 
- g(z) = > n-22; (13.1) 
and g(z) satisfies M,(g') < BUL—p)*1-"", (13.2) 


where o’ is defined, as usual, by 
.4e =], 
Co Co 


for any o > 1.|| It is therefore natural to replace the special function 
(13.1) by a general 
g(z) p (13.3) 
‘a 


subject to (13.2) for some o > 1. 


* In particular when f(x) has the period 27 and mean value 0 over a period. 
This is the case important in the theory of Fourier series. 

+ Afterwards extending it to the range 0 < r < s by ‘function-theoretic’ 
arguments. When r < | the result is essentially one about power-series, the 
analogue for general Fourier series (or harmonic functions) being false. 

t See Hardy, Littlewood, and Pélya, 9, ch. x, especially Theorems 371-3 
and 379-82. : 

§ See § 15 for a precise statement. 

| 1/o’ = 0 when o = 1. Since |g’| < Bil—z|*~, 


, dé Yo iti 
Mal9") < (2{ 13) < Bil—p)*tetle = B(l—p)s--4”, 
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We suppose then that Mf) <1 (13.4) 
and M,(g') < (l—p)F, (13.5) 


where k= a—-—;3 (13.6) 
; Co 


and write A(z) = s by Cy Z™ (13.7) 
T 


Analogy with Theorem 8 then suggests that 
M(h) < B, (13.8) 


where re a = S eathe. (13.9) 
s r r 


o 


We must, however, impose some limitations on k. In the first place, 


we must suppose that 
(13.10) 


in order that s shall be positive. Secondly, as we shall see, we must 
suppose that k > 0. The cases k > 0 and k = 0 turn out to differ 
essentially, and we begin with the first. 


14. THEOREM 13. Jf 


(1/o’ being 0 if o = 1), 
(so that i<7<28= ©, <2, a< pe 
g(z) = > b, 2", (14.3) 
1 


M,(9') < (1—p)*; (14.4) 
then M(h) < B. (14.5) 


It will be convenient to introduce a new parameter ¢ defined by 


(14.6) 


Then r < ¢ < 8 (and t < 8 except when o = 1). 
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We observe first that 


h(pe®) = = | S{pte#?-P9( pte?) dd, (14.7) 


peh’ (pe*®) = = | Hlotet#-Pypterty (ptt) dd; (14.8) 
7 
and, if we take 


kl pan cee 
"2 2 


1 
r , 


the conditions of Theorem A are satisfied. Hence 
pPM,(h', p) < MAF, p*) M9’; p*) 
< (1—p!}F 7 MAF, p!) < BUL—p/** Mf, p#). (14.9) 
We must now distinguish three cases of the theorem, each need- 
ing a different proof. We suppose first that 


l<r<8s< 2. (14.10) 


Case (a) of Theorem 13: r <s < 2 


15. Since s < 2, we have 
1a 1 
Ms(h) < Bl f (1—p)*+|h'|* dpdd = B | (1—p)*4Ms(h’) dp, 
0 (15.1) 


by (2.13) of Theorem D. Hence, using (14.9) and Lemma y, we 
obtain 


1 
Ms(h) < Bf (1—p)**-p-eanef, p#) dp 
0 


0-7 


1 1 
=B | (1—p*)**-tp"M(f, p) dp < B | (1—p)**~tp-*Mi(f) dp 
0 . 


0 
1 
< B | (1—p)*1MN4(f) dp. (15.2) 
0 
Finally, s > r and ¢t > r, and therefore 
1 
| —p)*MA) dp < B, 
0 


by Theorem 11. 
3695.12 R 
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Case (b):r << 2<s8 
16. We suppose next that r < 2 < 8. Since (15.1) may now be 
false, we use Theorem E instead of Theorem D. We have 


M(h) <Bfa [j 1—p)|h' |? dp)” : 
But 


bi 1 $s] 2/s 1 Ld 2/s 
| J ao{ f a—enm’re de} "| < fap) dol fia’ a)” 
—-7 0 0 = 7 
by Minkowski’s inequality.* Hence 
1 
Mh) < B | ( (1—p)M2(h’) dp < Bi ( (1—p)*—1p—-19N7(f, p#) d 
0 0 
1 1 
= B | (1—p?)*“p1MFf,p) dp < B { (1—p)**4 p~IM#f, p) dp 
0 


é 
1 
< B { (1—p)*19#(f, p) dp, 
0 


by (14.9) and Lemma y. The conclusion now follows from Theorem 
11, since 2 >randt>r. 


Case (c):2<r<s 
17. When finally 2< 7 <8, we have to use a quite different 
method. Actually, we deduce Case (c) from Case (a) by a ‘conjugacy’ 
argument, here of a very simple ‘ype-t 


Suppose that 2(0) = x y, en? (17.1) 
is an arbitrary trigonometrical polynomial. It will be convenient to 
write N N 0 

$= px ae > + & = t+. (17.2) 
Then : : 
<F tet, 1\? fF Fo gia sec 
sz | Mo%e-t)w(0) a0 = (— ) #0) dd | fipe-‘#)g(pe's—) dd 
1 ; : 
=> i flpe-‘4) H (pet) dg, (17.3) 


* In the form used in the proof of Lemma a (§3). 
t There is a more difficult specimen in Littlewood and Paley, 11, §8. 
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where Fe 
H(pe#) = | (0)g(pets-#9) do 


lf iia N 
az | YalOa(pe'#8) 40 = $b, 7, prend, 
7 I 


If we write for the moment 


(2) = aa 2, g(z)=g(2), le) = He), 
so that f(e®) = ¥,(8), 


then f, g, and h are related as f, g, and h are related in the main 
theorem. Also, if ; 
+3 == I, 


then 
and 


We may therefore apply Case (a) of the theorem to f, g, b, with s’, r’ 
for r, 8; and this gives 


M,{H(pe%®)} < BM, (6)}. 
But My {p1(8)} < BM, {Y(4)}, 
by Theorem F;* and so 


M,-{H(pe%)} < BM,{Y(0)}. (17.5) 

Also 
J 
Be 


J Flee-#)H (pe) dh < MPMAH) < WAH), (17.8) 


by Hélder’s inequality and (14.4). Hence, collecting our results from 
(17.3), (17.6), and (17.5), we obtain 


ss [ Hor 9(0) do) < BIR,HO)}. (17.7) 


* In the form (2.22). 
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This is true for all trigonometrical polynomials y, and so for all % of 
I’; and therefore, by the converse of Hélder’s inequality,* 


M,{h(p2e*)} — M,{h(p%e-9)} < B. 


This completes the proof of Theorem 13.7 
In particular, if we take g(z) = > n-*z", we obtain Theorem 12. 


18. We return for a moment to our remarks about Theorem 12 
in §12. We have now a proof of this theorem independent of the 
inequality (12.4) and of the theorems on ‘rearrangements’ on which 
that inequality was based. It is interesting to observe (without 
attempting to carry out the process in detail) how we could reverse 
the old argument and deduce (12.4) from Theorem 12. 

We should begin by passing from 


a = p (in)-“c, 2” 
to the fractional integral of an arbitrary real function f(x), defined 
as in (12.8). Here c might be finite (as with Riemann and Liouville) 
or —0oo (as with Weyl). The deduction would involve only arguments 
similar to those of §8, and processes of approximation of standard 
types. We should thus prove (12.6), and from this deduce that 

‘[f !e—yle-¥edgy) dady| < Bf \few)ir dx)'"( { \gy)l* dy) 


1s’ 
‘ a | g 
Since l—« = 1—-4 - = 2—--_—-,, 

r S ¢ #8 


this is equivalent to (12.5); and the passage back to (12.4) is straight- 
forward. 


* ‘Tf k > 1 and |[ Fa dz| < o( f |@|* dx) 


for all G of L’, then (flr dx)" < 0. 

See, for example, Hardy, Littlewood, and Pélya, 9, 142 (Theorem 191): the 
theorem was first proved by F. Riesz. It remains true if G is confined to one 
of the standard classes of approximating functions (step-functions, poly- 
nomials, or trigonometrical polynomials). 

+ There is an analogue of Theorem 13 for harmonic functions which an 
experienced reader will be able to state and prove for himself. When o > 1, 
the proof depends on Theorem F (and Theorem 13 itself). When o = 1 we 
require an additional weapon: if k < 1 and 

M,(u) < (1—p)*, 
then M,(u,) < B(l—p)F, M, (uy) < B(1—p)*-. 
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The case k = 0 
19. In Theorem 13 we supposed that k > 0, and this assumption 
was essential to the proof. Thus if k = 0, t = r, and the appeal to 
Theorem 11, at the end of §15, is no longer justified. Actually, as 
we shall see, the theorem becomes false when k = 0 and r < 8s < 2 
or 2< r < 8, i.e. in cases (a) and (c). 
Case (b) of the theorem, however, survives, as we proved in 7. 
The theorem which follows is in fact Theorem 1 of 7, but the proof 
which we give here is shorter.* 


THEOREM 14. Jf f, g, and h are defined as in Theorem 13; 
l<r<2<28; (19.1) 


o>l, r<o, = (19.2) 


P 1 

Mf) <1, Mg’) < (19.3) 

then M(h) < B. (19.4) 

Since we shall be concerned (in the statement and proof of the 

theorem) only with power-series, we have departed from our practice 

in the rest of the paper by including the case r = 1,¢ which is in 
fact particularly interesting.{ 


20. We begin with a trivial simplification of the theorem, showing 
that (as the reader will readily believe) it is sufficient to prove it in 
the special case in which c, = 0 and 6b, = 0. 

Suppose that it has been proved in this case, and let 

F(z) =f@)—q2z, Gz) =g(@)—b2z, A(z) = h(z)—b, yz. 
Then 
and 
, , , , , 2 
My(G") < Melg')+ [Pal < Mylg')+ MAG’) < 2MeIg') < -—. 
Hence, by our assumption, 
M(H) << 4B = B, 

* Though, as we stated in §1, it depends on more difficult theorems. 

+ We used harmonic polynomials in the proof of case (c) of Theorem 13 
($17). Theorem 14, like Theorem 13, can be extended to harmonic functions 


when 7 > 1, but not when r = 1. See 7, 162, footnote ft. 
t It includes the theorem of Paley referred to in 7. 
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and therefore 
Meh) < M.(H)+ |by| lee < B+ M,(P)MA(9', 0) < 
so that the theorem is true generally. 
We suppose then in what follows tnat b, = 0 and c,=0. By 
Theorem E, we have 


lim M&(h) < B J ao(f p)in'i® dp} : 


p> 


and (using Minkowski’s inequality as in § 16) we deduce 


1 
lim M2(h) < B (1—p) M2(h’) dp. 


pl F 
If 0 <7<1 and 
k(£) = k(re!®) = h'(pre®), 
then k(0) = 0,* and we may apply (20.1) to k(Z). We have thus 


lim M2(k) < B K (1—7r) M2(k’, r) dr, 
p> 
i.. 
; 
M2(h’,p) < B | (1—7) M2{ph"(pre®)} dr 
0 
1 Pp 
= Bp? J (1-7) MF{h" (pre!) dr = B | (p—w) Mh" (we')} deo. 
0 0 
Substituting in (20.1), we obtain 
2 p 
lim M2(h) < B| (1—p) dp | (p—w)M2(h”, w) dw 


pot 0 0 


1 1 
= BI Ms(h", w) dew | (1—p)(p—w) dp; 
0 w 


and so, performing the inner integration and then replacing w by p, 
lim M2(h) < B fi (1—p)®M2(h", p) dp. (20.2) 
pl 

d 


If 3 is the operator o= zo 


* Here we use c, = 0 (or b; = 0). 
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then 
of = > ne, 2", bg = > nb, 2", Hh = > nb, c, 2", 


and 2h(pe"*) = 5 | Ofipre't) dapte®-"4) da. 


Hence, by Theorem A, 


M, (Fh, p) < M,(f, p#) My, p?). (20.3) 
Also Hh(pel®) = Is flpte!#) Dg(pte!-1#) dg 
and M,(Ph, p) < M,(f, p?)M,(dg, p*). (20.4) 

Now Ph = 27h" +zh, h” = 223*h—z-dh. 

Hence Meh") < Blp-*W2(Hh)+ p~*M2(Gh)} 
and, by (20.2), 

Mh) < lim MF(h) < B(A,+ 2), (20.5) 

p> 
1 

where J, = | (1—p)8p-*9M2(92h) dp, (20.6) 


0 


(1—p)%p~49N2(Hh) dp (20.7) 


and 


re 


The theorem will therefore be proved if we can show that J, < B 
and J, < B. 


21. Since #h = O(p?) for small p, J, is convergent at the origin, 
and therefore 


J,<B j (1—p)?92(9h) dp < B | (1 —p)®9N2(9f, p#)M2(y, pt) dp 
1 


= B | p(1—p*)M2z(Hf, p)ME(9g, p) dp 


0 


1 
< Bf (1—p) Mz", p) dp, (21.1) 
0 
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by Lemma y, (20.3) and (19.3). But 


1 ir 1 1 a 2/r\4r 
(1—p)ME(f’) dp} =} | (l—p) dpi — | |f'\" a8 
, a 





‘0 - 
1 7 1 ir 
<5 | a | apis ad < BM,(f) < B, (21.2) 
— 0 


by Minkowski’s inequality and Theorem E. From (21.1) and (21.2) it 
follows that J, < B. 
There remains J,.* Here we have 
1 1 
Jy < B { (1—p)®M2(9h) dp < B [ (1—p)/M2(f, p)ME(9g, p#) dp 
0 0 
3 
< B | (1—p)%(1—p*)-* dp = B, 
0 


by Lemma y, (20.4), and (19.3); and this completes the proof. 


The limitations of the theorems 


22. The rest of the paper is negative: we construct examples to 
show that the restrictions which we have imposed on k, r, and s are 
essential for the truth of our theorems. We have supposed 


(i) that k > 0, 

(ii) that 2< r <8 whenk = 0. 
We shall now show 

(1) that all our conclusions would be false were k < 0, 

(2) that the conclusion of Theorem 14 (in which k = 0) would be 
false werer << s< 2or2<rcs. 

23. To prove (1), we take 

fe) = Sd n-*™, =g{z) = DS 2-2", A(z) = 5 0-82-42 _— (23.1) 
(the summations being from 0 to 00). Then f(z) is continuous in 

< 
dain M,(f) <A (23.2) 
for every r. 

Next, we write a = 1—k and p = e~*. Then 

zg’ (z) pe > Qany2" 


* Which is really trivial. 
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Now g’(z) is bounded in p < e~*, so that 
ig’(2)| < B < B(l—p)~* = B(1—p)k> (23.3) 
if p < e~*, ie. if 8 >a. On the other hand, if 5 < a, the function 
d(x) = 2276-28, 


where x > 0, has a single maximum, equal to 


Z 
when = é, 2f — a/8. 
Also z)| < } 2ane-2"5 — F g(n), 
and 


> on) < 2(€)+ fv x) dx = (5 J ena i Qare-28 dx 


= 25 y e“+A j y*te-v dy < {2a%e-*+ AT(a)}5-* 


= B&-* < B(l—p)-* = B(1—p)*; 
so that ig'2)| < Be*(1—p) = Bp) (23.4) 


ifS<a. 
It follows from (23.3) and (23.4) that 
M(9') < Mig’) < BUL—p)** 
for 0 < p <1 and any o. Thus f and g satisfy the requirements of 
Theorem 13. But the coefficients of h do not tend to 0, and so M,(h) 
cannot be bounded for any s > 1. 


24. It is more difficult to prove assertion (2) of §22, and we do 
not attempt so comprehensive a refutation of any extension of 
Theorem 14. We examine a particular, and representative case: even 
there, we cannot produce a definite ‘Gegenbeispiel’, though we can 
show that such exist. 

The two cases, corresponding to cases (a) and (c) of Theorem 13, 
would stand or fall together (by the ‘conjugacy’ argument used in 
§17). We may therefore suppose that 2 < r < s, and we select the 


— o=l, o' =m, r=4, 8= 4,* (24.1) 


*r = sifk = 0Oando = 1. In Theorem 13, s is necessarily greater than r; 
and this is true in Theorem 14 also except when r = s = 2. But here the 
case r = 8 is representative. 
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We shall prove that 
1 


Mf) <1, M9’) < i-— (24.2) 


do not imply M(h) < A. (24.3) 
It will plainly be enough to show that, given any 2, we can find 
two A’s and an f and g such that 
Mlf)<A, Wig’) <A, (24.4) 
and M,(h) > Q. (24.5) 
We write 
D(z) = Djlpe) = "Sa = oA, (24.6) 
where W = 2. (24.7) 
There is plainly no overlapping of the powers of z in different D.,. 
We then define f and g by 


fle) = > n-8D, (ze'™), (24.8) 
2 


te) 1 : 
= > ——_— D) (ze-t%): 24.9 
g(z) - log n ,( € ); ( ) 


at 
so that h(z) = YS “—D, (2). (24.10) 


= 2, logan 
Here B=, (24.11) 


the «, are arbitrary, and v is large; f and h are polynomials, and h is 
independent of the choice of the «,,. 


25.* We prove first that 


i 

M9!) < ee 
—p 

In proving this we may suppose that p > }8. 


] 
Let Pn = i—= ‘ 


“sn 
and suppose that Pu-i <P < Pm (25.3) 
* The only part of the argument of this section which is not really trivial 


is the proof of (25.12). It is there only that we use the logn in (24.10), or the 
distinction between I, and Mt. 








MEAN VALUES OF ANALYTIC FUNCTIONS 
where m > 2.* Then 


g'(z) = ose v £ PD, ) (ze-tan), (25.4) 


@ 


Wal<> Tog a Dalze**) = rale)+rele)+rsle), (25.5) 
2 
where y, contains the terms for which n < m—1 (if any), y, those 
for which n = m—1 and n = m, and y, those for which n > m. 
It is plain that 


| D;,(ze-**) | 


n-—1 2—1 
<"S (N,+p)p%=?1 < 2p%="S (N, +p) < 4nN, p%» < 4nN,. 
p=0 p=0 
(25.6) 
_ Hence, first 


m—2 ~ nd 
y3(2) <4 > aN, < 4m(m—2)2%"” < 4.22"" 
2 


+ 
= 4N,.1 =; <;—-+t (26.7) 
1—pm-1 =? 
Secondly 


Na co 
6 3 aNap' <4 3 wN,(1— 5) "<4 5 nN eM 


m+1 m+1 m m+1 


= 4 ¥ n2%"exp(—2?-2") < 4 3 2 exp(—2"") < 4 ¥ n2-"t 
m+1 m+1 1 
— 4(2-242.2-443.2-84 Joc * (25.8) 
—p 


From (25.7) and (25.8) it follows that 


Myrs)+ Mrs) < MO)+ Mes) <j 2-8) 


As regards y., we have 


! (xo—ian) — J)’ n— — Nn 1— 
Di ze-#*) = Dif) = Ny =F +O F(T 


cn 


=r) = Pat Qe 


1 15 
* So itp op = i-9 = 7% 
+ m(m—2) < 2°? for m > 2. 


te> 2,2" > 2.2%", and 2%" > 241, forn > 3. 








say. 
1Qn| << 14+2+...4(n—1) <n? <m?< N= — “ 
- My) < Mu) < > * - 
(since log 2 > 4). Also 
M,(P,) = N, pNe | i 


—@_ 


e 
dé < AN, p®logn, 
|1—¢ ’ 
by Lemma 5. The maximum of zp”, for fixed p < 1 and positive 2, is 
log(1/p) ~ 1—p’ 
and so (whether n be m—1 or m) 


Mi, (P,) 1 A A 
" -—_— .Alogn.—- = ——. 
log n mt log n - l—p I—p 


Hence M,(A) < a (25.12) 
—p 


Finally, (25.1) follows from (25.5), (25.9), (25.10), (25.11), and (25.12). 
26. Next, we prove that 
M,(h) > Q (26.1) 


if z = e“ and v is sufficiently large. We write 


7) — Dy (2) D,(z) — ok. 
Pimn(2) vite m? log m n? log n wa 2% Cmnk? ° 


dm, 18 a polynomial with positive coefficients. Then 
= > ¢.,.,,(z) = > o 2", 
m,n k 
where °. = py Cmn,k> 
and Miy(h =2% Ch 
Since 


ZE= Fl 


a 2 
Cunt) -_ > m,n ke — 


mn m,n,k 
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we have 
7 


M40) >> (sriogm) (wFloga) ae | \ZaCeDAC)*d. (26.2) 


mn 
It will be sufficient to consider the sum over the range 


l<in<mcn. 
Since 
D,,(2)D,(2) = 2NutNa(1+-2-+-...-2"-1)(1+-2+...+2"-), 
and the product of the last two factors contains the terms 
14+ 224+-322+...4+-mz™-1, 
we have * 
ES | | D,,(z)D,,(z) |? d@ > 12+-2?+-...4-m? > 4}. 


2a 
-— 


Substituting in (26.2), we see that 


n 


It 1 m3 
4(h) > - —_, 
Mh) > 3 b n*B(logn)® 


~. mi-4B ~. n-t 
>A A > 04, 
ya 


logn)* — (log n)4 
if v is sufficiently large. 
27. So far our results have been true however the a,, are chosen. 
We shall now prove that 
Mal f(e*)} < A (27.1) 
for some choice of the «,. We denote by U, the operator 


] \v-1 ; 2 . 
(;-) | | és | -laglag,.ia, 


(an average over all different values of the a,). It is plain that, if 
UW [ MA f(e)}] < As, (27.2) 


then (27.1) must be true for some set of «,,. 

We shall now prove (27.2). We shall suppose throughout that z 
lies on the unit circle (as we may, since f is a polynomial); and f will 
mean f(e*), 

We write D,(ze'%) = D,fet+»} = A, (0+ an), (27.3) 
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and A,, for the conjugate of A,. Then 


l wT 
N= 3) if |* do 


= >, (mnpay? ft Ayp(0-+ om)Ay (0+ op) (O-+ ap) Ag(8-+-0r) 00. 


MN,p,4 
a (27.4) 
Since 


Ain (O+ om) = efNnlO+Om)f] + eiO+%m) +. |, + glm—1K0+ Om)? 

A, (0+ a) = e-iNglO+a9){] e-t+ap)4 + ¢-tp-1X0+ay)) 
integration over the « destroys all the terms in (27.4) except those 
for which either p = m and q = 2, or else p = n and g = m: con- 
sequently 
W{Maf)} 

< 2 > (mn), eS J |A, (9+ a») |?| A, (8+ a,) |? ao| — = 2(8,+8,), 
7 (27.5) 


where S, contains the terms for which m = n and S, the remainder. 


First, => nia fis 0+ a4) 


wl | |As(@-+ ay) = 3 | dange J |Mn(@-+a)/* a9 
aT a7 


(since the inner integral has this value for every value of «,). Also 


|A,.(¥)| 


7 


andso J Ani dp < e | [A,,(b) |? dpb = ni’. 


Hence a j [A,,(0-+0,)[4 | <n’, 
a7 


and 8 < >a = Sant= A. (27.6) 
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On the other hand 


mF~n 


&= > (nm | | 1an(@-+ a) (8A (0-+ 5) 
But 


7T 


wf. | [An(0+09) 84-40) a 


= 


ae | Pon | [A n(0-+-a%p)|2|Ay(O-+a%,) |? 0 
2a 2a 22 


= 


eS if “ee 
=> | ao | |A,,(9+ om) |? dom 5— | |A, (0-+a,)|2 a,| 


wT 


= fant ab [ AQCH a = mn, 


T 


Hence S, << > (mn)'-*8 < (> m)? = A. 
mMmFN 


Finally, it follows from (27.5), (27.6), and (27.7) that 


ULM} < A < Af, 
which is (27.2). 
We have thus proved what we stated in § 24, though we have not 
produced a definite f and g. It will be observed that we have made 
no use of the Littlewood-Paley theorems in this part of our work. 
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